In this paper we study moduli spaces of sheaves on an abelian or projective K3 surface. If S is a K3, v ¼ 2w is a Mukai vector on S, where w is primitive and w 2 ¼ 2, and H is a v-generic polarization on S, then the moduli space M v of H-semistable sheaves on S whose Mukai vector is v admits a symplectic resolutionM M v . A particular case is the 10-dimensional O'Grady exampleM M 10 of an irreducible symplectic manifold. We show thatM M v is an irreducible symplectic manifold which is deformation equivalent tõ M M 10 and that H 2 ðM v ; ZÞ is Hodge isometric to the sublattice v ? of the Mukai lattice of S. Similar results are shown when S is an abelian surface.
If F is a coherent sheaf on S, we define its Mukai Let H be a polarization and v a Mukai vector on S. We write M v ðS; HÞ (resp. M s v ðS; HÞ) for the moduli space of H-semistable (resp. H-stable) sheaves on S with Mukai vector v. If no confusion on S and H is possible, we drop them from the notation.
From now on, we suppose that H is v-generic (see Section 2.1). We write v ¼ mw, where m A N and w is a primitive Mukai vector on S. It is known that if M s v 3 j, then M s v is smooth, quasi-projective, of dimension v 2 þ 2 and carries a symplectic form (see Mukai [13] ). If S is abelian, a further construction is necessary: choose F 0 A M v ðS; HÞ, and define a v : M v ðS; HÞ ! S ÂŜ S in the following way (see [23] ): let pŜ S : S ÂŜ S !Ŝ S be the projection and P the Poincaré bundle on S ÂŜ S. For every F A M v ðS; HÞ we let a v ðFÞ :¼ À det À pŜ S! À ðF À F 0 Þ n ðP À O SÂŜ S Þ Á ; detðFÞ n detðF 0 Þ À1 ÁÁ :
Moreover, we define K v ðS; HÞ :¼ a À1 v ð0 S ; O S Þ, where 0 S is the zero of S.
If v ¼ w (i.e. m ¼ 1) and H is v-generic, the moduli space M v ðS; HÞ (resp. K v ðS; HÞ if S is abelian) is well understood thanks to the work of several authors (see Mukai [14] , Beauville [1] , O'Grady [15] , Yoshioka [25] , [24] ). If v 2 < 2 (resp. if v 2 < 6 if S is abelian), then M v ðS; HÞ (resp. K v ðS; HÞ) is either empty, a point or a surface. The remaining cases are covered by the following: Theorem 1.2 (Yoshioka) . Let S be an abelian or projective K3 surface, v a primitive Mukai vector and H a v-generic polarization. Then M v ðS; HÞ ¼ M s v ðS; HÞ, and we have the following results:
(1) If S is K3 and v 2 f 2, then M v is an irreducible symplectic variety of dimension 2n ¼ v 2 þ 2, which is deformation equivalent to Hilb n ðSÞ, the Hilbert scheme of n-points on S. Moreover, there is a Hodge isometry between v ? and H 2 ðM v ; ZÞ, where the latter has a lattice structure given by the Beauville form.
(2) If S is abelian and v 2 f 6, then K v ðS; HÞ is an irreducible symplectic variety of dimension 2n ¼ v 2 À 2, which is deformation equivalent to the generalized Kummer variety K n ðSÞ on S, i.e. the Albanese fibre of Hilb nþ1 ðSÞ, and there is a Hodge isometry between v ? and H 2 ðK v ; ZÞ.
If v is not primitive, H is v-generic and w 2 f 2, then M v is singular: it is then natural to ask if there is a symplectic resolution of M v , i.e. a resolution of the singularities p v :M M v ! M v such that onM M v there is a symplectic form extending the one on M s v . The first result appearing in the literature is the following: (2) Let S be an abelian surface, v :¼ ð2; 0; À2Þ and H be v-generic. Then K 6 :¼ K v ðS; HÞ admits a symplectic resolution p :K K 6 ! K 6 , andK K 6 is an irreducible symplectic variety of dimension 6 and second Betti number 8.
The first example is studied by O'Grady in [16] , the computation of its second Betti number is started in [16] and completed in [21] . The second example is contained in [17] . The general case is as follows: if H is v-generic and w 2 < 0, then M v ðS; HÞ is either empty or a point, whereas if w 2 ¼ 0, then M v ðS; HÞ is a symmetric product of surfaces. For the remaining cases, we have the following answer about the existence of symplectic resolutions (see [11] and [9] ): (2) If m f 3, or m ¼ 2 and w 2 f 4, then M v ðS; HÞ does not admit any symplectic resolution and it is locally factorial (Kaledin-Lehn-Sorger).
In this paper, we deal with the moduli spaces verifying the conditions of point 1 of Theorem 1.4. We resume these conditions in the following: Definition 1.5. Let S be an abelian or projective K3 surface, v a Mukai vector, H an ample line bundle on S. We say that ðS; v; HÞ is an OLS-triple if the following conditions are verified:
(1) The polarization H is primitive and v-generic.
(2) There is a primitive Mukai vector w AH HðS; ZÞ such that v ¼ 2w and w 2 ¼ 2.
(3) If w ¼ ð0; x; aÞ, then a 3 0.
The name OLS-triple is chosen because they were first studied by O'Grady in [16] , [17] and Lehn-Sorger in [11] . If ðS; v; HÞ is an OLS-triple, then M v ðS; HÞ admits a symplectic resolutionM M v ðS; HÞ obtained by blowing-up M v ðS; HÞ along its singular locus with reduced structure. If S is abelian, let
and we still write p v :K K v ! K v for the symplectic resolution.
The aim of the present paper it to generalize Theorem 1.2 to OLS-triples. Namely, the first result we prove is the following, about the possible irreducible symplectic manifolds one can produce as symplectic resolution of the moduli spaces M v ðS; HÞ and K v ðS; HÞ starting from an OLS-triple ðS; v; HÞ: Theorem 1.6. Let ðS; v; HÞ be an OLS-triple.
(1) If S is K3, thenM M v ðS; HÞ is an irreducible symplectic variety which is deformation equivalent toM M 10 .
(2) If S is abelian, thenK K v ðS; HÞ is an irreducible symplectic variety which is deformation equivalent toK K 6 .
The proof of this theorem is contained in Section 2. The idea is to use deformations of the moduli spaces and of their symplectic resolutions induced by deformations of the underlying surfaces, and isomorphisms between moduli spaces with di¤erent Mukai vectors which are induced by Fourier-Mukai transforms (the main ingredient here is given by some results of Yoshioka, see [26] ). The second result we prove is about the singular cohomology of the moduli spaces M v ðS; HÞ and K v ðS; HÞ: Theorem 1.7. Let ðS; v; HÞ be an OLS-triple.
ZÞ is injective, and the restrictions to H 2 ðM v ; ZÞ of the pure weight-two Hodge structure and of the Beauville form on H 2 ðM M v ; ZÞ give a pure weight-two Hodge structure and a compatible lattice structure on H 2 ðM v ; ZÞ. Moreover, there is a Hodge isometry
ZÞ is injective, and the restrictions to H 2 ðK v ; ZÞ of the pure weight-two Hodge structure and of the Beauville form on H 2 ðK K v ; ZÞ give a pure weight-two Hodge structure and a compatible lattice structure on H 2 ðK v ; ZÞ. Moreover, there is a Hodge isometry
By compatible lattice structure we mean that the classes of type ð2; 0Þ with respect to the weight-two Hodge structure on H 2 ðM v ; ZÞ are orthogonal to the classes of type ð1; 1Þ and of type ð2; 0Þ. The proof of this is contained in Section 3. The reason why p Ã v is injective is because the singularities of M v and K v are rational. The construction of the morphisms l v and n v is a generalization of that of the Mukai-Donaldson morphism. Using Theorem 1.6 and some commutativity of diagrams, we can reduce to the case of M 10 or K 6 : there one finally uses results of [19] and [21] to conclude.
Deformations of moduli spaces
In this section we study how moduli spaces and their symplectic resolutions vary under deformation. In Section 2.1 we recall the notion of v-genericity, v-walls and v-chambers. In Section 2.2 we introduce the main deformation we will look at, i.e. the deformation of a moduli space and of its symplectic resolution induced by a deformation of an OLS-triple along a smooth, connected curve. In Section 2.3 we give explicit deformations of OLS-triples whose Mukai vector has positive rank, and in Section 2.4 we use these and some results of [26] to prove Theorem 1.6.
Genericity for polarizations.
In this section we recall the notion of v-genericity, v-walls and v-chambers. In the following, S will always denote an abelian or a projective K3 surface, and v ¼ ðv 0 ; v 1 ; v 2 Þ a Mukai vector on S. If jvj > 0, we define
Genericity for
Notice that if rðSÞ ¼ 1, then the ample generator H of the Picard group of S is v-generic. If rðSÞ f 2, we need the following:
The v-wall associated to D A W v is a hyperplane in AmpðSÞ. Moreover, by [8] By definition, a polarization is v-generic if and only if it lies in a v-chamber. The following shows that if we change the polarization inside a chamber, the moduli space does not change (for a proof, see [27] ): We conclude this section with an important property that we will need in the following, which is a particular case of Corollary 4.2:
Lemma 2.6. Let T be a smooth, connected curve, f : X ! T a smooth, projective family of K3 surfaces (resp. of abelian surfaces) and H a line bundle on X. For every t A T write X t :¼ f À1 ðtÞ and H t :¼ H jX t , and suppose that for every t A T the line bundle H t is ample.
be a Mukai vector on X t . If H 0 is v-generic, then the set
is locally given by a finite number of points.
where v 1 is the first Chern class of an e¤ective divisor, and v 2 3 0. Definition 2.7. Let E be any pure sheaf with Mukai vector v, and let F L E with Mukai vector u ¼ ð0; u 1 ; u 2 Þ. The divisor associated to the pair ðE; FÞ is D :
The set of the non numerically trivial divisors associated to all the possible pairs is denoted by Again, a polarization is v-generic if and only if it lies in a v-chamber. As in the previous section, we have the following (see [27] ):
Let C be a v-chamber, and suppose that H; H 0 A C. Then a sheaf E of Mukai vector v is H-(semi)stable if and only if it is H 0 -(semi)stable, i.e. there is a natural identification between M v ðS; HÞ and M v ðS; H 0 Þ.
To conclude this section, we state the following lemma about the openness of the v-genericity for Mukai vectors v of rank 0, which is a particular case of Lemma 4.4:
Lemma 2.11. Let T be a smooth, connected curve, f : X ! T a smooth, projective family of K3 surfaces (resp. of abelian surfaces) and H a line bundle on X. For every t A T write X t :¼ f À1 ðtÞ and H t :¼ H jX t , and suppose that for every t A T the line bundle H t is ample.
is finite.
Deformations of OLS-triples.
We introduce the main construction we use in the following. Let ðS; v; HÞ be an OLS-triple and T a smooth, connected curve, and use the following notation: if f : Y ! T is a morphism and L A PicðY Þ, for every t A T we let Y t :¼ f À1 ðtÞ and L t :¼ L jY t . (1) X is a projective, smooth deformation of S along T, i.e. there is a smooth, projective, surjective map f : X ! T such that X t is a projective K3 surface (resp. an abelian surface) for every t A T, and there is 0 A T such that X 0 F S.
(2) H is a line bundle on X such that H t is ample for every t A T and such that H 0 F H. 
aÞ is primitive and
hence either x t or Àx t is e¤ective; as x is e¤ective, then Àx Á H < 0, so that Àx t Á H t < 0, hence x t is e¤ective.
Remark 2.14. Consider an OLS-triple ðS; v; HÞ, where v ¼ 2ðr; x; aÞ, r > 0 and x ¼ c 1 ðLÞ. Let T be a smooth, connected curve. Moreover, consider a smooth, projective deformation f : X ! T of S such that X 0 F S, and on X consider two line bundles H and L such that H 0 F H and L 0 F L. In general ðX; H; LÞ is not a deformation of the OLStriple ðS; v; HÞ along T: this is the case if and only if H t is ample for every t A T. As the set of t A T such that H t is ample is a Zariski open subset of T, by removing a finite number of points from T we can always assume that ðX; H; LÞ is a deformation of the OLS-triple ðS; v; HÞ along T.
The reason why we introduce the notion of deformation of an OLS-triple is because it allows us to study how the algebraic structure of the corresponding moduli space (and of its symplectic resolution) varies under variations of the algebraic structure of the base surface. The first result we prove is that the relative moduli space f : M ! T of semistable sheaves associated to a deformation of an OLS-triple along a smooth, connected curve T, is a flat family over a Zariski open neighborhood of any t A T such that ðX t ; v t ; H t Þ is an OLS-triple. 
Proof. Let t A T be such that ðX t ; v t ; H t Þ is an OLS-triple, T 0 :¼ Tnftg and M 0 :¼ f À1 ðT 0 Þ. The morphism f is flat over t if and only if the fiber M t is the limit of the fibers M s as s ! t, by [3] , Lemma II-29. Now, the limit is the fiber over t of the closure of the family M 0 , hence there is an inclusion of the limit in M t . As ðX t ; v t ; H t Þ is an OLStriple, we have that H t is v t -generic, hence M t ¼ M v t ðX t ; H t Þ is reduced and irreducible (see [9] ), and it has to coincide with the previous limit. r If ðS; v; HÞ is an OLS-triple, then choosing a non-trivial deformation of it along a smooth, connected curve T, up to removing a finite number of points of T we get a projective, flat deformation f : M ! T of M v ðS; HÞ. We now present the main result of this section, which is about local properties of this deformation: it is easy to see that if t 0 A T is any point and U is any open neighborhood of t 0 in T, then f À1 ðUÞ is not isomorphic to a product M t 0 Â U. However, we show in the following proposition that this is true locally around every t A T such that ðX t ; v t ; H t Þ is an OLS-triple. For every p A M 0 the germ ðM; pÞ is isomorphic, as germ of complex spaces, to the product ðT; 0Þ Â ðM 0 ; pÞ.
Proof. As the statement is analytic, we can suppose from now on that T is a small open disk, and that H t is v t -generic for every t A T by Lemma 4.1. We need the following definition: let f : M ! T (resp. f s : M s ! T) be the relative moduli space of semistable (resp. stable) sheaves associated to the deformation ðX; H; LÞ of ðS; v; HÞ along T. Let S :¼ MnM s , which is a closed subset of M. Notice that
and we use the notation S t :
Moreover, for every t A T let W t be the singular locus of S t , and W be the closed subset of M parameterizing sheaves of the form E l E, where E is stable. Notice that
p is essentially an A 1 -singularity: more precisely, we have ðM 0 ; pÞ F ðC 8 ; 0Þ Â ðfx 2 þ y 2 þ z 2 ¼ 0g; 0Þ (see [11] ); the last possibility is p A W 0 . If p is smooth, the result is trivial, and there is nothing to prove. Hence, we suppose p A S 0 . We have then two cases: [11] , for every t A T we have that S t F Sym 2 ðM w t Þ, hence f jS : S ! T is identified with the morphism j : Sym 2 T ðNÞ ! T induced by j. By this identification between j and f jS , the fact that j is smooth and projective implies that f jS is submersive at p A S, i.e. the di¤erential d p f is surjective: hence there is t A T p M such that d p fðtÞ 3 0. This means that t B T p M 0 , so that dimðT p MÞ ¼ 12.
Now, consider an analytic open neighborhood U of p in T p M, so we can view it as
an open neighborhood of 0 in C 12 . We let x 1 ; . . . ; x 12 be a coordinate system on C 12 : we can suppose x 12 ¼ t, a local coordinate of T at 0, and the point p corresponds to the point ð0; . . . ; 0Þ. Moreover, U X M is an analytic subvariety of U of codimension 1, hence there is f A O hol ðUÞ, a holomorphic function on U such that the equation of U X M is f ðx 1 ; . . . ; x 11 ; tÞ ¼ 0. Finally, we can choose U so that U X W ¼ j. As seen before, we have that SnW is smooth and submersive on T, so that we can suppose that the equation of U X S is
Now, near the point p the fibre M 0 is analytically isomorphic to a product of an A 1 -singularity with a smooth polydisc, hence we have
where p j are holomorphic functions on U depending only on x 1 ; . . . ; x 11 . Moreover, we have p j A I 2 for every j, where I is the ideal of O hol ðUÞ generated by x 1 , x 2 and x 3 . Now, let p : U ! T be defined as pðx 1 ; . . . ; x 11 ; tÞ :¼ t, and let V :¼ U X S, on which we have coordinates x 4 ; . . . ; x 11 ; t. Finally, let p 0 : U ! V ; p 0 ðx 1 ; . . . ; x 11 ; tÞ :¼ ðx 4 ; . . . ; x 11 ; tÞ;
and q : V ! T be defined as qðx 4 ; . . . ; x 11 ; tÞ :¼ t. Notice that q p 0 ¼ p. Moreover, the fibers of p 0 are all singular, and the fiber over 0 has an A 1 -singularity. By the deformation theory of A 1 -singularities of [10] , there is an open neighborhood U 0 L M of the point p which is a product of an A 1 -singularity by a 9-dimensional polydisc D. As f jU 0 is identified with p jU 0 , it follows that the projection onto D factors f. Hence f is locally trivial at p, and we are done.
The strategy is the following: first, we show that for every n A N, the infinitesimal n-th order deformation of M 0 induced by M is locally trivial at p. Once this is shown, the statement follows in this way: by [6] , Corollary 0.2, there is a maximal subspace ðT 0 ; 0Þ L ðT; 0Þ such that ðM T 0 ; pÞ is isomorphic, as germ of complex spaces, to the prod-
. Notice that as the infinitesimal n-th order deformation of M 0 induced by M is locally trivial at p for every n, then T 0 is positive dimensional. As T is a curve, we finally get ðT 0 ; 0Þ ¼ ðT; 0Þ, and we are done.
We are left to prove that the infinitesimal n-th order deformation of M 0 induced by M is locally trivial at the points of W 0 for every n, and we proceed by induction on n. For n ¼ 1, let
where W 1 M 0 is the sheaf of holomorphic 1-forms on M 0 : then T 1 is supported on S 0 , and the local sections of T 1 correspond to local infinitesimal first order deformations of M 0 . Moreover, by [11] we know that T 1 is pure.
We show that the infinitesimal first order deformation of M 0 induced by M is locally trivial at p: consider a Stein open neighborhood U 1 of p in M 0 , and let s be the element of T 1 on U 1 induced by M. Let q A U 1 X ðS 0 nW 0 Þ: then q is a point of the previous case, hence s is locally trivial at q. This means that there is a Stein open neighborhood V q L U 1 of q such that s jV q is trivial. By purity of T 1 , s is trivial on U 1 , and we are done.
By induction, suppose that the infinitesimal n-th order deformation of M 0 induced by M is locally trivial at p. There are two extensions of it to a local infinitesimal ðn þ 1Þ-th order deformation at p: the trivial one, which we call s 1 , and the one induced by M, which we call s 2 . By [22] , Theorem 2.11, and [5] , Lemma 2.12, there is a transitive action of T 1 on the space of small extensions, hence there is an element h of T 1 on a Stein open neighborhood U of p such that hðs 1 Þ ¼ s 2 , where hðs 1 Þ is the action of h on s 1 . Let q A U X ðS 0 nW 0 Þ: as this is a point of the previous case, the infinitesimal ðn þ 1Þ-th order deformation of M 0 induced by M is locally trivial at q, hence there is a Stein open neighborhood V q L U of q such that s 2 j V q ¼ s 1 j V q . This implies that h jV q is trivial. Again, by purity of T 1 this implies that h is trivial on U, so that s 1 ¼ s 2 on U, and we are done. r
The proposition we just proved has two important consequences. The first one is that if ðS 1 ; v 1 ; H 1 Þ and ðS 2 ; v 2 ; H 2 Þ are two OLS-triples which are related by a deformation of OLS-triples along a smooth, connected curve, thenM
Proposition 2.17. Let ðS; v; HÞ be an OLS-triple, T a smooth connected curve, and ðX; H; LÞ a deformation of ðS; v; HÞ along T. (2) If S is an abelian surface, thenK K v ðS; HÞ is irreducible symplectic if and only if K K v t ðX t ; H t Þ is for some t A T such that ðX t ; v t ; H t Þ is an OLS-triple, and their deformation classes are equal.
Proof. Let us suppose that S is K3, and define p :M M ! M to be the blow-up of M along S ¼ MnM s with reduced structure. We have a morphism
which is projective (as f and p are projective) and flat over a Zariski open subset of T containing the subset Lemma 2.15) . Notice that T OLS is open and connected in the classical topology by Lemma 4.1. By [11] , for every t A T OLS the moduli space
As an immediate consequence of Proposition 2.16, we have that
HenceM M t is a smooth, symplectic, projective variety. As T OLS is smooth and connected, the statement follows as in the proof of [8] , Corollary 6.2.12.
If S is an abelian surface, we need one step more: defineX X :¼ Pic 0 ðXÞ, with the natural mapf f :X X ! T, which is again smooth. Consider
with the natural morphism g : Z ! T, which is clearly an isomorphism. Moreover, we define a T-morphism a : M ! X Â TX X such that a jM t :¼ a v t . Setã a :¼ p a :M M ! X Â TX X, and letK K :¼ã a À1 ðZÞ. If t A T OLS , then we haveK K t ¼K K v t ðX t ; H t Þ, hence the statement follows again as in the proof of [8] , Corollary 6.2.12. r
The second consequence of Proposition 2.16 is that the family f : M ! T is topologically a product on small open subsets of T parameterizing OLS-triples. More precisely, we have the following: is the singular locus of S i . Hence, by Proposition 2.16 we see that every stratum S i is submersive over T. As S i is proper over T for every i ¼ 1; 2; 3, the statement follows from the Thom First Isotopy Lemma (see [2] , Chapter 1, Theorem 3.5) if we prove that S is a Whitney stratification.
Again, by Proposition 2.16 it is su‰cient to prove that for every t A T, the stratifica-
, is Whitney. To do so, we need to show that S i; t is Whitney regular over S j; t for every j > i (see [2] , Definition 1.7). We have two cases:
which is a product of a type A 1 -singularity by an 8-dimensional polydisc. As the stratification of the singularities of the type A 1 -singularity is Whitney, this implies the Whitney regularity of S 1 over S 2 .
Case 2: S 1; t and S 2; t are Whitney regular over S 3; t . Let q A S 3; t ¼ W t : by [11] there is an open neighborhood of q in M t which is of the form Z Â V , where V is a smooth polydisc of dimension 4, and Z is a 6-dimensional singular variety whose singular locus Z 0 has dimension 4, and such that Z 00 :¼ SingðZ 0 Þ is 0-dimensional. In Z Â V the stratification S t is fðZnZ 0 Þ Â V ; ðZ 0 nZ 00 Þ Â V ; Z 00 Â V g. Now, the strata S 1; t and S 2; t are Whitney regular over S 3; t if and only if ðZnZ 0 Þ Â V and ðZ 0 nZ 00 Þ Â V are Whitney regular over Z 00 Â V . But this is true by [2] , Chapter 1, Lemma 1.10, as Z 00 is 0-dimensional, and we are done. r 2.3. Deformations and Mukai vectors of positive rank. In this section we consider OLS-triples with Mukai vector v of positive rank, and we show that the deformation classes ofM M v andK K v depend only on the rank of v. To do so, we follow closely the arguments used by O'Grady in [15] . As a first step, we remark that the tensorization via a line bundle does not change the moduli spaces. Let S be an abelian or projective K3 surface.
We Remark 2.21. This lemma is originally stated only for stable sheaves, but the argument goes through for semistable sheaves.
In order to give explicit deformations of an OLS-triple ðS; v; HÞ where v ¼ 2ðr; x; aÞ and r > 0, we use the irreducibility of the moduli space of polarized K3 or abelian surfaces. Hence, it is useful to suppose x ¼ c 1 ðHÞ, which is always possible by the following: Suppose that rðSÞ f 2, and let C be the v-chamber such that H A C. Then there exists a Mukai vector v 0 ¼ 2ðr; x 0 ; a 0 Þ such that
(2) x 0 is a primitive ample class lying in C.
Moreover, we can choose v 0 so that ðx 0 Þ 2 g 0.
Proof. The proof is essentially the one of [15] , Lemma II.6: there one requires x to be primitive, but Yoshioka noticed that the same argument goes through in the more general case of r and x prime to each other (see [26] ). This last condition is always verified: write w ¼ ðr; x; aÞ, which is primitive and w 2 ¼ 2, i.e. x 2 ¼ 2ra þ 2. Suppose that s A N is such that r ¼ sr 0 and x ¼ sx 0 . Then s 2 ðx 0 Þ 2 ¼ 2sar 0 þ 2. As S is abelian or K3, we have ðx 0 Þ 2 ¼ 2l for some l A Z, so that sðsl À ar 0 Þ ¼ 1. As s A N, this implies s ¼ 1, and we are done. r
An important class of OLS-triples is given by those on elliptic K3 or abelian surfaces, as in this case we have a privileged class of polarizations. In order to prove that the deformation class ofM M v ðS; HÞ depends only on the rank of v, the strategy will be to deform the OLS-triple ðS; v; HÞ to an OLS-triple on an elliptic K3 or abelian surface with a polarization in this privileged class. Let then Y be an elliptic K3 or abelian surface such that
where f is the class of a fiber and s is the class of a section. Let v be a Mukai vector on Y , and recall the following definition (see [15] ):
We have an easy numerical criterion to guarantee that a polarization on Y is v-suitable: Lemma 2.24. Let Y be an elliptic K3 or abelian surface such that
where s is a section and f is a fibre, and let v ¼ ðv 0 ; v 1 ; v 2 Þ be a Mukai vector on Y such that v 0 > 0. Let H be a polarization such that c 1 ðHÞ ¼ s þ lf for some l A Z.
Proof. If S is a K3 surface, this is [15] , Lemma I.0.3. For the abelian case the proof is similar: H is v-suitable if and only if D Á H and D Á f have the same sign for every
and we are done. r
The main result of this section is the following: Proposition 2.25. Let ðS 1 ; v 1 ; H 1 Þ and ðS 2 ; v 2 ; H 2 Þ be two OLS-triples verifying the two following conditions:
(1) S 1 and S 2 are two projective K3 surfaces or two abelian surfaces.
Proof. The argument we present here was first used by O'Grady in [15] , then extended by Yoshioka in [25] . For i ¼ 1; 2, we let L i A PicðS i Þ be such that
First of all, we can always assume rðS i Þ > 1. Indeed, consider a non-trivial deformation ðX i ; H i ; L i Þ of the OLS-triple ðS i ; v i ; H i Þ along a smooth, connected curve T, and let 0 A T be such that ðX i; 0 ; v i; 0 ; H i; 0 Þ ¼ ðS i ; v i ; H i Þ. By Lemma 2.6, there is a small open neighborhood U of 0 in T such that the triple ðX i; t ; v i; t ; H i; t Þ is an OLS-triple for all t A U. By the Main Theorem of [18] , we know that the locus of t A U such that rðX i; t Þ > 1 is dense in the classical topology of U: by Proposition 2.17 we can then suppose rðS i Þ > 1.
By Lemma 2.22 and Proposition 2.5 we may also suppose ðS i ; v i ; H i Þ to be such that
Y be a K3 (resp. abelian) surface admitting an elliptic fibration and such that
where f is the class of a fiber, and s is the class of a section. For i ¼ 1; 2, there is a smooth, connected curve T i and a deformation ðX 0
Notice that ðv 0 1 Þ 2 ¼ ðv 0 2 Þ 2 and they have the same rank: hence jv 0 1 j ¼ jv 0 2 j, so that by Lemma 2.24 a polarization is v 0 1 -suitable if and only if it is v 0 2 -suitable. Again by Lemma 2.24, we have that H 0 i is v 0 i -suitable for i ¼ 1; 2, as l i g 0. Then H 0 1 and H 0 2 lie in the same chamber C (which is clearly a v 0 i -chamber for i ¼ 1; 2). By Proposition 2.5 we then change to a common generic polarization H A C, which is v 0 i -generic for i ¼ 1; 2.
As ðv 0 1 Þ 2 ¼ ðv 0 2 Þ 2 , we have ðx 0 1 Þ 2 À 2ra 1 ¼ ðx 0 2 Þ 2 À 2ra 2 , and as
(in the abelian case we have x 2 i ¼ 2l i ), we then get the equation
Notice that v 0 1 and v 0 2 are then equivalent: indeed, we have
where the second equality follows from equation (1). By Lemma 2.20 we are then done. r Remark 2.26. We observe that in order to relateM M v 1 ðS 1 ; H 1 Þ andM M v 2 ðS 2 ; H 2 Þ in the previous proof, we only used deformations of the symplectic resolutions induced by deformations of OLS-triples along a smooth, connected curve, and isomorphisms between moduli spaces given by tensorization with a line bundle.
2.4. Proof of Theorem 1.6. In this section we finally prove Theorem 1.6: the crucial facts are two lemmas due to Yoshioka [26] . If S is an abelian or projective K3 surface, write D for the diagonal of S Â S, I D for the ideal sheaf of D, and if S is abelian, let P be the Poincaré bundle on S ÂŜ S andĤ H the dual polarization onŜ S. Proof. We prove the statement for K3 surfaces, the case of abelian surfaces is analogue. Let w :¼ ð0; x; aÞ andŵ w :¼ ða; x; 0Þ, and notice that as H is v-generic (resp. v v-generic), it is w-generic (resp.ŵ w-generic). By [26] The following lemma is [26] , Theorem 3.18: Remark 2.29. Suppose that S is a K3 or abelian surface such that NSðSÞ ¼ Z Á h, where h ¼ c 1 ðHÞ is ample and h 2 ¼ 2, and let v ¼ 2w be a Mukai vector on S such that w is primitive and w 2 ¼ 2. It is then easy to see that w ¼ ðr; nh; aÞ for some r; n; a A Z such that gcdðr; n; aÞ ¼ 1 and n 2 ¼ ra þ 1.
We now proceed with the proof of Theorem 1.6: Theorem 1.6. Let ðS; v; HÞ be an OLS-triple.
(1) If S is K3, thenM M v ðS; HÞ is irreducible symplectic and deformation equivalent tõ M M 10 .
(2) If S is abelian, thenK K v ðS; HÞ is irreducible symplectic and deformation equivalent toK K 6 .
Proof. Let ðS; v; HÞ be an OLS-triple where S is a projective K3 surface (the proof in the abelian case is analogue), and write v ¼ 2ðr; x; aÞ. We show thatM M v ðS; HÞ is deformation equivalent toM M 2ð0; h; 2Þ ðX ; HÞ, where X is a surface such that NSðX Þ ¼ Z Á h, h ¼ c 1 ðHÞ is ample and H 2 ¼ 2. The equivalence is obtained using deformations of the symplectic resolutions induced by deformations along smooth, connected curves of the corresponding OLS-triple, and isomorphism between moduli spaces. AsM M 10 is a particular case, we are done.
Step and we are done.
Step 2. Suppose that ðS; v; HÞ is an OLS-triple such that r > 0. By Proposition 2.25, we know thatM M v ðS; HÞ is deformation equivalent toM M 2ðr; nh; aÞ ðX ; HÞ, for some n A Z and a ¼ ðn 2 À 1Þ=r (by Remark 2.29). Choose n g 0 such that the corresponding a is even. As n g 0, part (1) of Lemma 2.28 gives an isomorphism between M 2ðr; nh; aÞ ðX ; HÞ and M 2ða; nh; rÞ ðX ; HÞ, which is deformation equivalent to M 2ða; h; 0Þ ðX ; HÞ by Proposition 2.25. Moreover, as n g 0, we have a g 0, hence by part (1) of Lemma 2.27 we have an isomorphism between M 2ða; h; 0Þ ðX ; HÞ and M 2ð0; h; aÞ ðX ; HÞ. As a is even, we have M 2ð0; h; aÞ ðX ; HÞ F M 2ð0; h; 2Þ ðX ; HÞ by Step 1, and we are done.
Step 3. Suppose that ðS; v; HÞ is any OLS-triple such that r ¼ 0. Let As H is ample and x is e¤ective, we have a þ dx Á H g 0 as d g 0, hence we assume a g 0. Let nowv v :¼ 2ða; x; 0Þ. If H is notv v-generic, by Proposition 2.10 we may replace H with a v-generic polarization H 0 lying in the same v-chamber of H which isv v-generic. By part (1) of Lemma 2.27 we have then an isomorphism between M v ðS; HÞ and Mv v ðS; HÞ: we are now in the situation of Step 2, hence we are done. r
The second integral cohomology of the moduli spaces
Let ðS; v; HÞ be an OLS-triple. In this section we define a morphism
For primitive Mukai vectors v with v 2 ¼ 0, this was defined (using semi-universal families) first by Mukai [14] , who showed that it gives a Hodge isometry between v ? =Z Á v and H 2 ðM v ; ZÞ (in this case M v is a K3 surface). For v primitive and v 2 f 2, this morphism was constructed by Mukai [14] , O'Grady [15] and Yoshioka [25] , who showed that l v gives a Hodge isometry between v ? and H 2 ðM v ; ZÞ (the latter being a lattice with respect to the Beauville form, as it is an irreducible symplectic manifold).
In the present section we define l v for any OLS-triple ðS; v; HÞ: as in the case of primitive Mukai The main result of the section is to show that the morphism l v takes values in H 2 ðM v ; ZÞ, and moreover that it is a Hodge isometry between v ? and H 2 ðM v ; ZÞ (or H 2 ðK v ; ZÞ if S is abelian). Before doing this, we need to show that on H 2 ðM v ; ZÞ there are a pure weight-two Hodge structure and an integral bilinear form: as shown in Section 3.1, these are induced by the pure weight-two Hodge structure on H 2 ðM M v ; ZÞ and by the Beauville form ofM M v (which is now known to be an irreducible symplectic manifold), as a consequence of the fact that the singularities of M v are rational. In Section 3.3 we show that l v takes values in H 2 ðM v ; ZÞ and that it is a Hodge isometry: by [19] , this is the case for the O'Grady examples; by following the steps of the proof of Theorem 1.6, we show that this is then always verified.
3.1. Hodge structure and integral bilinear form. In this section we show that on the spaces H 2 ðM v ; ZÞ and H 2 ðK v ; ZÞ there are a pure weight-two Hodge structure and an integral bilinear form for every OLS-triple ðS; v; HÞ. As a first step we show that they are free Z-modules. Proof. As X is a normal, irreducible projective variety having rational singularities and f :X X ! X is a resolution of singularities, it follows that R i f Ã OX X ¼ 0 for every i > 0. (1) If S is K3, then H 2 ðM v ; ZÞ is free.
(2) If S is abelian, then H 2 ðK v ; ZÞ is free.
Proof. If S is a K3 surface, then M v has rational singularities: indeed, it admits a symplectic resolution, therefore the singularities are canonical, hence rational by Elkik [4] . By Lemma 3.1, 
Similarly, we define the pure weight-two Hodge structure on H 2 ðK v ; ZÞ. 
If S is abelian, and j v : K v ! M v is the inclusion, we then get a morphism
In order to do this, we need to study the relation between H 2 ðM v Þ and H 2 ðM s v Þ. We have the following: 
Now, we introduce the following notation: let S 0 v L S v be the smooth locus of S v . Following [16] , we know that p v : p À1 v ðS 0 v Þ ! S 0 v is a P 1 -bundle, whose generic fiber is then a rational curve d. As d is contracted by p v , we have p Ã v ðaÞ Á d ¼ 0. On the other hand, by adjunction the normal bundle toS S v is the canonical bundle ofS S v , hence it has degree À2 on d.
In conclusion, we have
so that n ¼ 0. Hence p Ã v ðaÞ ¼ 0, but as p Ã v is injective by Lemma 3.1, we then have a ¼ 0, so that i Ã v is injective, and we are done for the K3 surface case. The proof of the abelian case is similar. r 
Á , then by Lemma 3.7 we have that m 1 ðaÞ ¼ m 2 ðaÞ. Hence, if there is an extension of l s v ðaÞ to an element of H 2 ðM v ; ZÞ, then this extension is unique, and we call it l v ðaÞ. In conclusion, the problem is only to find an extension.
In order to do so, we recall a construction due to Le Potier. Let K hol ðSÞ be the holomorphic K-theory of S, and let vect 4 : K hol ðSÞ !H HðS; ZÞ; vect 4 ð½EÞ :
where ½E is the class in K hol ðSÞ of a sheaf E on S. Notice that vect 4 gives an isomorphism between K hol ðSÞ andH H Proof. The line bundle L R v ð½EÞ has a natural GLðNÞ-linearization inherited from the one we have on F. Let ½P A R v be a point with closed GLðNÞ-orbit corresponding to a sheaf F A M v . Let p : R v ! M v be the quotient morphism, so that pð½PÞ ¼ F . We need to show that the action of the stabilizer Stabð½PÞ is trivial on the fiber L R v ð½EÞ ½P . We know that this is the case if F is H-stable by [12] , hence we suppose F ¼ ðF 1 n V 1 Þ l ðF 2 n V 2 Þ, where F 1 , F 2 are H-stable and V 1 , V 2 are vector spaces. We know that Stabð½PÞ F AutðF Þ F GLðV 1 Þ Â GLðV 2 Þ:
and the action of an element ðM 1 ; M 2 Þ A Stabð½PÞ is simply the multiplication by detðM 1 Þ wðF 1 nEÞ detðM 2 Þ wðF 2 nEÞ . As the polarization H is v-generic, it follows that vðF 1 Þ ¼ vðF 2 Þ ¼ v=2: hence, as ½E A e ? v , we get wðF 1 n EÞ ¼ wðF 2 n EÞ ¼ 0:
In conclusion, the action of any element of the stabilizer is trivial, so that L R v ð½EÞ descends to a line bundle L v ð½EÞ A PicðM v Þ. r
We have, in conclusion, a morphism L v : e ? v ! PicðM v Þ. The main result of the section is the following: Proposition 3.9. Let ðS; v; HÞ be any OLS-triple. Then there is a morphism
Proof. By Lemma 3.8, we have a morphism L v : e ? v ! PicðM v Þ. In the following we use the notation ðv ? Þ 1; 1 :¼ v ? XH H 1; 1 ðSÞ. An application of the Grothendieck-Riemann-Roch Theorem shows that if a A ðv ? Þ 1; 1 and ½E A e ? v is such that vect 4 ð½EÞ ¼ a, then
(for a similar computation, see [19] ). Hence, we define l v ðaÞ :¼ c 1 À L v ð½EÞ Á , so that we finally get a morphism l v : ðv ? Þ 1; 1 ! H 2 ðM v ; ZÞ:
It remains to show that we can define l v on the whole v ? . To do so, we use a deformation argument. Let T be a smooth, connected curve and ðX; H; LÞ be a deformation of the OLS-triple ðS; v; HÞ along T, and write f : X ! T for the associated map, which is smooth and projective. Write v ¼ 2 À r; c 1 ðLÞ; a Á , and let 0 A T be such that ðX 0 ; v 0 ; H 0 Þ ¼ ðS; v; HÞ. Finally, assume that the Kodaira-Spencer map of the given family f : X ! T is injective at 0, and let f : M ! T be the relative moduli space of semistable sheaves associated with the deformation ðX; H; LÞ.
By Corollary 2.18 and Lemmas 2.6 and 2.11, there is a small analytic open neighborhood U of 0 in T parameterizing OLS triples such that f À1 ðUÞ is homeomorphic to the product S Â U over U, and f À1 ðUÞ is homeomorphic to the product M v Â U over U. Up to shrinking U, we can even suppose that the local systems R 2i f Ã Z, R 2 f Ã Z and R 2 f s Ã Z are constant (hence even those with coe‰cients in Q, R and C are constant). Notice that this means that we can identifyH HðX t ; ZÞ withH HðS; ZÞ (as lattices), H 2 ðM v t ; ZÞ with H 2 ðM v ; ZÞ and H 2 ðM s v t ; QÞ with H 2 ðM s v ; QÞ.
As v is constant over U, we can then consider V L L 2
i¼0 R 2i f Ã Z to be a local system such that for every t A T we have V t ¼ v ? t . As we have relative semi-universal families, we can define a morphism
Notice that we just need to show that there is a finite set of generators fa 1 ; . . . ; a n g of v ? such that for every i ¼ 1; . . . ; n there is t i A U such that a i A v ? XH H 1; 1 ðX t i Þ. Indeed, by Lemma 3.8 we have that l s v t i ða i Þ extends to an element l v t i ða i Þ A H 2 ðM v t i ; ZÞ. Hence even l s v ða i Þ extends to l v ða i Þ A H 2 ðM v ; ZÞ. Now, let a A v ? : then there are m 1 ; . . . ; m n A Z such that
But this implies that l s v ðaÞ extends to the element
Since by Lemma 3.7 the extension is unique, the previous equality gives us the desired morphism of Z-modules l v : v ? ! H 2 ðM v ; ZÞ.
We then prove that there is a finite set of generators fa 1 ; . . . ; a n g of v ? such that for every i ¼ 1; . . . ; n there is t i A U such that a i A v ? XH H 1; 1 ðX t i Þ. To do so, define Let W L P À H 2 ðS; CÞ Á be the period domain, and let P : U ! W be the period map sending t A U to H 2; 0 ðX t Þ. Recall that we assumed that the Kodaira-Spencer map of the family f : X ! T is injective at 0: then, the injectivity of the period map P implies that up to shrinking U we can identify U with its image PðUÞ L P À H 2 ðS; CÞ Á . In this way we may identify t with the period of X t . Now, for every t A U we have that v t AH H 1; 1 ðX t Þ, then ðt; vÞ C ¼ ðt; v t Þ C ¼ 0, so that t A P. In conclusion we have U L P.
Consider the incidence variety I L U Â P, i.e. I :¼ fðt; ½wÞ A U Â P j ðt; wÞ C ¼ 0g:
First of all, we notice that I is a smooth, projective variety such that dimðI Þ ¼ dimðPÞ. Indeed, if g : I ! U is the projection, then for every t A U we have
which is a 21-dimensional projective space.
Let now h : I ! P be the projection to the second factor. Notice that if a A v ? and ½a A imðhÞ, then there is t A U such that a A V X ÀH H 2; 0 ðX t Þ lH H 1; 1 ðX t Þ Á . Since a is integral we have finally a A V XH H 1; 1 ðX t Þ, so that the proposition follows if we prove that there is a finite set fa 1 ; . . . ; a n g of generators of v ? over Z such that ½a i A imðhÞ for i ¼ 1; . . . ; n.
We claim that there is w A V X L 2 i¼0 H 2i ðS; RÞ such that ½w A imðhÞ and ½w admits an open analytic neighborhood in P which is contained in imðhÞ. This will be enough to conclude: indeed, as a consequence imðhÞ contains a non-empty open subset of
As for any non-empty open subset U of Pðv ? n RÞ there is a finite set fa 1 ; . . . ; a n g of generators of v ? over Z such that ½a i A U for i ¼ 1; . . . ; n, we are done.
In conclusion, we just need to prove our claim. This is an immediate consequence of the following: Proof. Let V ¼ V 2; 0 l V 1; 1 l V 0; 2 be the pure weight-two Hodge decomposition of v ? induced by the Hodge decomposition ofH HðS; ZÞ, and write ð: ; :Þ V for the C-bilinear form on V induced by the Mukai pairing ð: ; :Þ C . More explicitly, we have V i; j ¼ V XH H i; j ðSÞ, and 0 A P is just the line V 2; 0 . Moreover, let Y L P be the projective tangent line at U in 0, and let W M V 2; 0 be a 2-dimensional linear subspace of V such that PðW Þ ¼ Y.
As a first step, we show that there is w A V XH H 1; 1 ðSÞ X L 2 i¼0 H 2i ðS; RÞ such that w B W ? , where W ? is the orthogonal to W with respect to ð: ; :Þ V . As every t A U is represented by a class of type ð2; 0Þ of X t , U is included in the smooth quadric Q defined by ð: ; :Þ V . Hence Y is included in the projective tangent space at Q in 0, which is just PðV 2; 0 l V 1; 1 Þ as V 2; 0 l V 1; 1 is the orthogonal of V 2; 0 with respect to ð: ; :Þ V . Hence 
where the equation is true for every l A V 2; 0 and every m A M (for a similar computation, see [7] , Example 16.20) . Moreover, we have dh ð0; ½wÞ : T ð0; ½wÞ I ! T ½w P; dh ð0; ½wÞ ðf; cÞ ¼ c:
As I is smooth and dimðI Þ ¼ dimðPÞ, in order to show that dh ð0; ½wÞ is an isomorphism we just need to show that it is surjective. Consider then c A HomðM; V =MÞ: as M is not contained in W ? , for every l A V 2; 0 there is an element fðlÞ A W such that À fðlÞ; m Á V ¼ À (1) If S is K3, then l v : v ? ! H 2 ðM v ; ZÞ is a Hodge isometry.
(2) If S is abelian, then n v : v ? ! H 2 ðK v ; ZÞ is a Hodge isometry.
Proof. Let ðS; v; HÞ be an OLS-triple. We need to show the three following properties:
(1) l v (resp. n v ) is an isomorphism of Z-modules.
(2) l v (resp. n v ) is an isometry.
(3) l v (resp. n v ) is a Hodge morphism. We introduce the following notation:
Step 1. If S is an abelian or projective K3 surface such that NSðSÞ ¼ Z Á h, where h ¼ c 1 ðHÞ is ample and h 2 ¼ 2, and v ¼ ð2; 0; À2Þ, then l v and n v are Hodge isometries: this is proved in [19] .
Step 2. Let ðS; v; HÞ be an OLS-triple. We show that l v is an isomorphism of Z-modules. Following the proof of Theorem 1.6, we reduce to the case of Step 1: the only transformations we use are deformations of the moduli spaces induced by deformations of the corresponding OLS-triple along a smooth, connected curve, and isomorphisms between moduli spaces induced by some Fourier-Mukai transforms.
Deforming an OLS-triple along a smooth, connected curve T, by Corollary 2.18 the Z-module structures of v ? and of H 2 ðM v ; ZÞ remain constant along the locus of T parameterizing OLS-triples; for the isomorphism induced by the Fourier-Mukai transform we have the following: (2) If S is abelian, let P A D b ðS ÂŜ SÞ and let F P : D b ðSÞ ! D b ðŜ SÞ be the Fourier-Mukai transform with kernel P. Moreover, let f P be the morphism induced by F P in cohomology, and let v 0 :¼ f P ðvÞ. If F P is an equivalence and it induces an isomorphism f P : K v 0 ðŜ S;Ĥ HÞ ! K v ðS; HÞ, then n v is an isomorphism if and only if n v 0 is an isomorphism.
Proof. We show the first point, as the second is similar. We show that the diagram 
is commutative, and this is shown to be true by standard computations (see for example [24] , Proposition 2.4). As f P and f Ã P are isomorphisms, it follows that l v is an isomorphism if and only if l v 0 is, and we are done. r
In conclusion, we reduce to the case of Step 1, so that l v is an isomorphism of Z-modules for every OLS-triple ðS; v; HÞ.
Step 3. We prove now that l v is an isometry between v ? (which has a lattice structure given by the Mukai pairing) and H 2 ðM v ; ZÞ (on which we have an integral bilinear form, as seen in Section 3.1). Again, we reduce to the case of Step 1 following the proof of Theorem 1.6: as in the previous step, the only transformations we use are deformations of the moduli spaces induced by deformations of the corresponding OLS-triple along a smooth, connected curve, and isomorphisms between moduli spaces induced by some Fourier-Mukai transforms.
By hypothesis, we have that f is an isomorphism. Moreover, p Ã v 1 and p Ã v 2 are isometries onto their images, andf f Ã is an isometry by [15] . Hence f Ã is an isometry, and we are done. r
In conclusion, we reduce to the case of Step 1, so that l v is an isometry for every OLS-triple ðS; v; HÞ.
wherev is the Beauville form of the irreducible symplectic manifoldM M v . But this implies thatl l v ðaÞ A H 2; 0 ðM M v Þ l H 1; 1 ðM M v Þ for every a A v ? n C X ÀH H 2; 0 ðSÞ lH H 1; 1 ðSÞ Á . In conclusion, we see thatl l v respects the Hodge filtrations, hence it is a Hodge morphism, and we are done. r Remark 3.14. Theorem 1.7 tells us that the integral bilinear form q v on H 2 ðM v ; ZÞ is indeed non-degenerate, hence it defines a lattice structure on H 2 ðM v ; ZÞ.
Appendix. Openness of v-genericity
This section is dedicated to prove some properties of v-genericity we used in the paper which are related with the behavior of v-genericity in families. The basic tool is the following, which is the main technical tool we needed for the proof of Lemma 2.6: P À1 ðG a Þ:
As G a is an analytic subvariety of Gr À b 2 À h 2; 0 ; H 2 ðS; CÞ Á , we then see that B n is a countable union of analytic subvarieties of B. It is then enough to show that, up to shrinking B, there are only finitely many a A H ? X H 2 ðS; ZÞ satisfying Àn e a 2 < 0 and such that G a intersects the image of P.
To do so, let V H H 2 ðS; RÞ be the R-vector space consisting of real cohomology classes orthogonal to H with respect to the intersection form on S, and let Grðb 2 À 2h 2; 0 À 1; V Þ À be the real Grassmannian parameterizing negative definite R-vector subspaces of V of dimension b 2 À 2h 2; 0 À 1. Since the map P is holomorphic, the map P P : B ! Grðb 2 À 2h 2; 0 À 1; V Þ À ;P PðbÞ :
is continuous. For a A H 2 ðS; ZÞ, we let
For every a A H ? X H 2 ðS; ZÞ, we have that a A H 2; 0 ðS b Þ l H 1; 1 ðS b Þ if and only if a A V X H 1; 1 ðS b Þ, hence G a X imðPÞ 3 j if and only if G a X imðP PÞ 3 j. AsP P is a continuous map, it will then be su‰cient to show that there exists an open neighborhood U of V X H 1; 1 ðSÞ in Grðb 2 À 2h 2; 0 À 1; V Þ À such that U X G a 3 j only for finitely many a A H ? X H 2 ðS; ZÞ satisfying Àn e a 2 < 0.
moreover, by the Hodge-Riemann bilinear relations, we have that W 1 is negative definite, W 2 is positive definite and the direct sum is orthogonal with respect to the intersection form on H 2 ðSÞ. For i ¼ 1; 2 denote by p i : V ! W i the projection associated with the given decomposition. We define a norm on V by k:k : V ! R; kvk :¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Àp 1 ðvÞ 2 þ p 2 ðvÞ 2 q ;
where p i ðvÞ 2 is the self-intersection of p i ðvÞ with respect to the cup product on H 2 ðS; RÞ, for i ¼ 1; 2.
As the integral classes form a discrete subset of V , it is enough to show that there is an open neighborhood U of W 1 in Grðb 2 À 2h 2; 0 À 1; V Þ À such that the set
fa A H 2 ðS; RÞ j Àn e a 2 < 0; a A W g is bounded, i.e. there is a constant K such that kak < K for every a A A.
To do so, notice that as W 1 is transverse to W 2 , then there exists a neighborhoodŨ U of W 1 in Grðb 2 À 2h 2; 0 À 1; V Þ À consisting of negative definite R-vector subspaces of V which are transverse to W 2 . ThenŨ U can be identified with a neighborhood of the trivial morphism in the vector space HomðW 1 ; W 2 Þ of linear morphisms: the identification sends W AŨ U to L W : W 1 ! W 2 ; L W ðxÞ :¼ y;
where y is the unique vector of W 2 such that x þ y A W . As for i ¼ 1; 2 the restriction of k:k to W i is still a norm, we get a norm on HomðW 1 ; W 2 Þ by setting Now, consider a A A. Recall that Àn e a 2 ¼ p 1 ðaÞ 2 þ p 2 ðaÞ 2 . As a A W for some W A U, we have p 2 ðaÞ 2 < ÀNðL W Þ 2 p 1 ðaÞ 2 < Àð1=2Þp 1 ðaÞ 2 . Hence, we have the inequality Àp 1 ðaÞ 2 e n þ p 2 ðaÞ 2 < n À 1 2 p 1 ðaÞ 2 :
It follows that Àp 1 ðaÞ 2 < 2n and p 2 ðaÞ 2 < n. Therefore kak ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Àp 1 ðaÞ 2 þ p 2 ðaÞ 2 q < ffiffiffiffiffi 3n p and we are done. r As a corollary of Lemma 4.1 we have a more general version of Lemma 2.6. The definition of the discriminant of a sheaf we gave in Section 2.1 is completely general: if S is any smooth, projective surface and F is a coherent sheaf of rank r and Chern classes c 1 and c 2 , then we define the discriminant to be D :¼ 2rc 2 À ðr À 1Þc 2 1 . If F is semistable with respect to some polarization, then DðFÞ f 0. A polarization H is ðr; c 1 ; c 2 Þ-generic if H Á D 3 0 for every divisor D A NSðSÞ such that À r 2 4 D e D 2 < 0. We have then the following, which is an immediate corollary of Lemma 4.1, and of which Lemma 2.6 is a particular case: 
is locally a finite union of analytic subvarieties of B.
We now deal with the openness of genericity for rank 0. As in the previous case, we study the problem over an arbitrary surface S. If v 1 A H 2 ðS; ZÞ X H 1; 1 ðSÞ is the first Chern class of an e¤ective divisor and w A Znf0g, we say that a polarization H on S is ð0; v 1 ; wÞgeneric if H Á D 3 0 for every non numerically trivial divisor D ¼ wc 1 ðFÞ À wðFÞv 1 , where F is a subsheaf of a sheaf E with c 1 ðEÞ ¼ v 1 and wðEÞ ¼ w (see [24] ). Notice that if S is K3 or abelian and E is a sheaf with vðEÞ ¼ ð0; v 1 ; v 2 Þ, then c 1 ðEÞ ¼ v 1 and wðEÞ ¼ v 2 . Remark 4.3. By definition, if a polarization H is not ð0; v 1 ; wÞ-generic, then there is an e¤ective curve C on S such that ½C B Q Á v 1 , w Á ðC Á HÞ=ðv 1 Á HÞ A Z and h 0 À LðÀCÞ Á > 0, where L A PicðSÞ is such that v 1 ¼ c 1 ðLÞ: here C is the support with multiplicity of a subsheaf F of a sheaf E of Mukai vector v, and the condition h 0 À LðÀCÞ Á > 0 comes from the fact that E=F is supported on the zero-scheme of a section of LðÀCÞ. Conversely, if such a curve exists, then H is not v-generic.
We now prove that the ð0; v 1 ; wÞ-genericity is an open property. Namely, we prove the following, which is an analogue (but stronger) version of Corollary 4.2, and which is a more general version of Lemma 2.11: To show that A is finite, let p A N be such that pH b is very ample for every b A B. If C A C d is irreducible, then 0 e p a ðCÞ e ðpd À 1Þðpd À 2Þ=2, so that the set A 0 of the arithmetic genera of the irreducible curves of C d is finite. Therefore has a finite number of irreducible components. Moreover, if C 0 ; C 00 L X b are two curves in F, then C 0 Á C 00 and C 0 Á K X b depend only on the connected component of F where C 0 and C 00 lie, hence there are only a finite number of possibilities for C 0 Á C 00 and C 0 Á K X b . Now, if C L X b is any curve in C d , then p a ðCÞ ¼ 1 þ ðC 2 þ C Á K X b Þ=2: as the number of irreducible components of C is at most d, then p a ðCÞ takes a finite number of values, i.e. the set A is finite.
Let Y be the union of all the connected components of Hilb d parameterizing curves C such that ½C B Q Á c 1 ðL b Þ and w Á ðC Á H b Þ=d A Z, for b A B such that C L X b . Let Z L Y be the locus parameterizing curves C such that h 0 À L 0 ðÀCÞ Á > 0 for some L 0 A PicðX b Þ with c 1 ðL 0 Þ ¼ c 1 ðL b Þ: by upper semicontinuity Z is closed in Y , and by Remark 4.3 we have B 0 ¼ fðZÞ. As f is projective, we have that B 0 is a Zariski closed subset of B. r
